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BCS-BEC 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 boson-fermion model beyond mean 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approximation
Jian Deng, Jin-heng Wang and Qun Wang
Interdisiplinary Center for Theoretial Study and Department of Modern Physis,
University of Siene and Tehnology of China, Anhui 230026, People's Republi of China
We investigate the utuation eet of the di-fermion eld in the rossover from Bardeen-Cooper-
Shrieer (BCS) pairing to a Bose-Einstein ondensate (BEC) in a relativisti superuid. We
work within the boson-fermion model obeying a global U(1) symmetry. To go beyond the mean
eld approximation we use Cornwall-Jakiw-Tomboulis (CJT) formalism to inlude higher order
ontributions. The quantum utuations of the pairing ondensate is provided by bosons in non-zero
modes, whose interation with fermions gives the two-partile-irreduible (2PI) eetive potential.
It hanges the rossover property in the BEC regime. With the utuations the superuid phase
transition beomes the rst order in grand anonial ensemble. We alulate the ondensate, the
ritial temperature Tc and partile abundanes as funtions of rossover parameter the boson mass.
I. INTRODUCTION
Fermion pairings are mehanisms for superondutivity and superuidity. In the ase of weak attrative interation
between fermions the pairings are well desribed in Bardeen-Cooper-Shrieer (BCS) theory [1℄, where fermion pairs
are typially of a size muh larger than the mean interpartile distane. In some sense the pairing an be regarded
as taking plae in momentum spae. As the attrative interation gets strong enough fermion pairs beome real
bosoni bound states. Below a ritial temperature marosopially large number of these moleular bosons oupy
the ground state and form a Bose-Einstein ondensate (BEC). The idea of overing BEC regime in an extended BCS
theory was proposed by Eagles [2℄ and Leggett [3℄. A quantitative desription of the rossover at nite temperatures
from weak to strong oupling regime was given by Nozieres and Shmitt-Rink [4℄, who wrote down the universal pair
wave funtion whih an be redued to the orret ground states at BCS and BEC limit. The BCS-BEC rossover
have been extensively investigated in old atom systems sine suh a rossover an be observed in experiments by
tuning the magneti eld around Feshbah resonane to ahieve situations with dierent sattering length among
fermioni atoms [5, 6, 7, 8, 9℄.
Reently there is a growing interest in extending the theory of the BCS-BEC rossover to relativisti systems. The
rossover from pion ondensation to Cooper pairing of quarks and antiquarks at large isospin densities provides suh
an example [10, 11, 12, 13℄. Another example is olor superondutivity where quarks form Cooper pairs on the Fermi
surfae due to an attrative interation mediated by gluon exhange [14, 15, 16, 17, 18, 19, 20, 21, 23℄ (for reviews,
see, for instane, [24, 25, 26, 27, 28, 29, 30, 31℄). Beause of asymptoti freedom, olor superondutivity at very
large densities an be studied in a weak-oupling approah [20, 21, 22, 23, 32, 33, 34, 35℄ using perturbative QCD
(see, for example, [36, 37, 38℄). For moderate densities more phenomenologial models suh as the Nambu-Jona-
Lasinio (NJL) model [29, 39℄ or self-onsistent Dyson-Shwinger equations [40, 41℄ are needed. All these approahes
usually assume BCS-like piture. When the oupling strength turns even stronger, the BEC-like diquark pairing
may set in. A lot of authors used the NJL model to study the BCS-BEC rossover in relativisti superondutors
or superuids [42, 43, 44, 45, 46, 47, 48℄. In our previous work we set up a theory for the rossover in relativisti
superuids whih inludes both bosoni and fermioni degrees of freedom [49℄. It is inspired by the boson-fermion
model of superondutivity [50, 51, 52℄. We only addressed the mean-eld approximation of the model. The rossover
is realized by tuning the dierene between the boson mass and boson hemial potential.
In this paper we extend our previous work [49℄ by systemati inorporating the utuation eet in the rossover
from propagating modes of the di-fermion eld within Cornwall-Jakiw-Tomboulis formalism (CJT) [53℄. Our starting
point is the boson-fermion model with a global U(1) symmetry. Similar eorts have been made in the NJL model
[45, 48℄. The CJT formalism has been employed to analyze utuation eets in olor superondutors [54, 55℄. The
inlusion of utuation ontributions leads to the hange of the seond order phase transition of normal to superuid
to a rst order one. The paper is organized as follows. In Se. II we re-write the boson-fermion model in terms
of the Higgs and Nambu-Goldstone elds. In Se. III the eetive potential is evaluated up to two-loops inluding
the mean eld as well as the utuation ontributions. The Dyson-Shwinger (DS) equations are derived from the
eetive potential in Se. IV. The gap and harge density equations are obtained in Se. V by taking derivatives of
the eetive potential with respet to the diquark ondensate and the hemial potential respetively. The numerial
results are presented and analyzed in Se. VI. Finally we disuss about our results and draw some onlusions in the
last setion.
Our onvention for the metri tensor is gµν = diag(1,−1,−1,−1). Our units are ~ = c = kB = 1. Four-
2vetors are denoted by apital letters, K ≡ Kµ = (k0,k) with k = |k|. Fermioni Matsubara frequenies are
ωn = ik0 = (2n + 1)πT , while bosoni ones are ωn = ik0 = 2nπT with the temperature T and n an integer. Our
onvention for the Feynman rules in nite temperature and density eld theory are hosen as ompared to those at
zero temperature and density, where the propagator and the vertex for a quantum eld φ(X) (X is a real time-spae
oordinate) in the theory are like, e. g. iG(X1, X2) = 〈Tφ(X1)φ(X2)〉 and iΓ = iδn/[δφ(X1)δφ(X2) · · · δφ(Xn)].
At nite temperature and density, we replae iG → −G and iΓ → Γ. The energy unit is hosen to be the fermion
momentum uto Λ appearing in fermion momentum integrals.
II. BOSON-FERMION MODEL
In order to desribe the utuation eets from the propagating modes of di-fermion bosons, we start from the
following Lagrangian whih respets the global U(1) symmetry orresponding to total partile number onservation,
L(Φ,Ψ) = −1
2
ΨS−10 Ψ+ |(∂ν − iµbδν0)Φ|2 −m2b |Φ|2
+
1
2
(
Φ†ΨΓ̂Ψ− ΦΨΓ̂†Ψ
)
. (1)
In the rst term or the fermion setor, Ψ =
(
ψ
ψC
)
and Ψ = (ψ, ψC) are spinors for fermions in the Nambu-Gorkov
(NG) basis, where the harge onjugate spinor is dened by ψC = Cψ
T
and ψC = ψ
TC with C = iγ2γ0. In momentum
spae the inverse fermion propagator S−10 is given by
S−10 (P ) = −
(
γµP
µ + µγ0 −m 0
0 γµP
µ − µγ0 −m
)
, (2)
where µ and m are the hemial potential and the mass of fermions respetively. In the seond and third terms of
the Lagrangian (1) the boson hemial potential and the mass are denoted by µb = 2µ and mb. In the boson-fermion
interation part, the last term of the Lagrangian (1), we have dened the interation verties
Γ̂ = 2giγ5
(
0 0
1 0
)
, Γ̂† = −2giγ5
(
0 1
0 0
)
, (3)
with g the Yukawa oupling onstant. We an write
Φ = ϕ+ ϕ0 ≡ 1√
2
(ϕR + iϕI) + ϕ0,
where ϕ0 is the expetation value of the vauum or the zero mode of the boson eld and ϕR,I denote the real and
imaginary parts of non-zero modes. With ϕ0 the U(1) symmetry is spontaneously broken. To make our approah
transparent we did not inlude in Eq. (1) the self-interation of Φ suh as Φ4, whih does not hange the results
qualitatively. The quarti or higher terms in ∆ (or ϕ0) are present automatially from the eetive potential. The
Lagrangian (1) then beomes
L(∆, ϕ,Ψ) = −1
2
ΨS−1Ψ+
µ2b −m2b
4g2
|∆|2 + |(∂t − iµb)ϕ|2 − |∇ϕ|2 −m2b |ϕ|2 +
1
2
(
ϕ†ΨΓ̂Ψ− ϕΨΓ̂†Ψ
)
= −1
2
ΨS−1Ψ+
µ2b −m2b
4g2
|∆|2 − 1
2
(ϕR, ϕI)D
−1
(
ϕR
ϕI
)
+
1
2
(ϕR, ϕI)Ψ
(
Γ̂R
Γ̂I
)
Ψ. (4)
The ation is I(∆, ϕ,Ψ) =
∫
X L(∆, ϕ,Ψ). The boson-fermion verties in the seond equality are dened by
ΓˆR =
√
2(Γ̂− Γ̂†) = i2
√
2gγ5σ
NG
1 ,
ΓˆI = −i
√
2(Γ̂ + Γ̂†) = −i2
√
2gγ5σ
NG
2 ,
where σNG1,2 are Pauli matries in the Nambu-Gorkov basis. The inverse fermion and boson propagators S
−1
and D−1
are given in momentum spae by
S−1 = −
(
γµP
µ + µγ0 −m iγ5∆
iγ5∆
∗ γµPµ − µγ0 −m
)
,
D−1 = −
(
PµP
µ + µ2b −m2b 2µbip0
−2µbip0 PµPµ + µ2b −m2b
)
, (5)
3where ∆ = 2gϕ0 is the ondensate. We have dropped the mixing terms of zero and non-zero boson modes sine they
vanish when arrying out the path integral. We see in (4) that the di-fermion boson is desribed by two real salar
eld.
The Lagrangian (1) an also be expressed in terms of the Higgs and the Nambu-Goldstone elds by parametrizing
the omplex boson eld as Φ = 1√
2
(η + η0)e
2iθ
with η + η0 =
√
2|Φ| and 2θ = arg(Φ). Here the phase eld θ is the
Nambu-Goldstone eld and η the Higgs one. We an hoose the unitary gauge by rewriting the fermion eld in the
form and Ψ =
(
eiθψ
e−iθψC
)
. Inserting the above expression for Φ and Ψ into the Lagrangian (1), we obtain
L(∆, ϕ,Ψ) = −1
2
ΨS−1Ψ+
µ2b −m2b
4g2
∆2 +
1
2
[
(∂νη)
2 + (µ2b −m2b)η2
]
+2(η + η0)
2
[
(∂νθ)
2 − µb∂0θ
] − 1
2
(∂µθ)Ψσ3γµΨ+
1
2
ηΨΓ˜Ψ, (6)
where S−1 is given by Eq. (5) but with ∆ =
√
2gη0 whih is dierent from the ase of (4). Note that in the Lagrangian
(6) we still use the same symbol Ψ and Ψ but now without the phase θ: Ψ =
(
ψ
ψC
)
and Ψ = (ψ, ψC). In the seond
to last term σ3 is the Pauli matrix in the NG basis. In the last term we have dened a new vertex
Γ˜ ≡
√
2igγ5
(
0 1
1 0
)
.
We an see that the mass term of θ is absent in the tree level as expeted for the Nambu-Goldstone mode.
A few remarks about the Lagrangian (4) and (6) are needed. We see that the omplex boson eld ϕ in (4) is
transformed into the Higgs and Nambu-Goldstone elds in the Lagrangian (6). Both (4) and (6) are parametrizations
of the same Lagrangian (1) whih are equivalent to eah other. We hoose (4) in this paper as it is more simple and
transparent than (6). For example, in (4), in addition to the 2PI diagrams from the fermion and Higgs elds, there are
also diagrams from the fermion and Nambu-Goldstone elds from (6), whih are muh more ompliated. Another ex-
ample is that the only two-point Green funtion for bosons from (4) is
〈
Pϕ(X)ϕ†(Y )
〉 ∼ 〈Pη(X)e2iθ(X)η(Y )e−2iθ(Y )〉,
where P denotes the path-ordered operator, ontains the orrelations of both the Higgs and Nambu-Goldstone elds.
Note that we used the roman letter S to denote the bare fermion propagator but with the ondensate ∆, whih is
also alled the tree level propagator. We will use alligraphi letter S to denote the fully dressed fermion propagator.
III. CJT FORMALISM
We start from the Lagrangian (4). The CJT eetive potential reads [53℄,
Γ(∆,D,S) = −I(∆) + 1
2
{
Tr lnD−1 +Tr(D−1D − 1)
−Tr lnS−1 − Tr(S−1S − 1)− 2Γ2PI(D,S)
}
, (7)
where D,S are full boson and fermion propagators and I(∆) ≡ I(∆, 0, 0) is the tree-level ation with all elds replaed
by their expetation values (we have assumed 〈ϕ〉 = 〈Ψ〉 = 〈Ψ〉 = 0). The fator 1/2 for the fermion term −Tr lnS−1
omes from the doubling of degrees of freedom in NG basis. D−1 and S−1 the inverse tree-level propagators for bosons
and fermions,
D−1ij = −
δ2I
δϕi(X)δϕj(Y )
, (8)
with i, j = R, I and S−1 is given by Eq. (5). Note that all propagators dier their normal forms by a sign, i.e.
S → −S and D → −D et. The ontribution of 2-partile irreduible vauum diagrams Γ2 is trunated to the 2-loop
level as shown in Fig. 1,
Γ2PI(D,S) ≈ −1
4
Tr
{
DXY Tr
[
Γ̂XSXY Γ̂Y SY X
]}
, (9)
where X,Y denote indies of olor, avor, spae, Nambu-Gorkov and/or bosoni speies, and the trae is of funtional
sense running over the general indies. The full propagators are denoted by alligraphi letters. The negative sign
4Figure 1: (a) The 2PI vauum diagrams up to 2 loops. (b) The boson self-energy derived from the 2PI vauum diagrams. ()
The fermion self-energy derived from the 2PI vauum diagrams. The solid and dashed lines denote fermion and boson full
propagators. X,Y label indies of the olor, avor, spae and/or bosoni speies.
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omes from the quark loop. A fator of 1/2 is from the Taylor expansion of the interation and the other one is from
the NG basis.
The Dyson-Shwinger (DS) equations for fermions and bosons an be derived by taking derivatives of the eetive
potential with respet to propagators,
δΓ
δD
∣∣∣∣
D=D,S=S
= 0,
δΓ
δS
∣∣∣∣
D=D,S=S
= 0, (10)
whih lead to the DS equations,
D−1 = D−1 − 2δΓ2PI
δD = D
−1 +Π(D,S),
S−1 = S−1 + 2δΓ2PI
δS = S
−1 − Σ(D,S). (11)
where the self-energies for bosons and fermions Π and Σ ome from Γ2PI in Eq. (9) and are shown in Fig. 1(b) and
() respetively. They are expressed by,
Π(S,D) = 1
2
Tr[Γ̂SΓ̂S],
Σ(D,S) = Tr[DΓ̂SΓ̂]. (12)
Substituting the DS equations (11) into Eq. (7), we arrive at
Γ(∆,D,S) = −I(∆) + 1
2
{
Tr lnD−1 +Tr[D−1D −Π(D,S)D − 1]
−Tr lnS−1 − Tr[S−1S +Σ(D,S)S − 1]− 2Γ2PI(D,S)
}
= −I(∆) + 1
2
{
Tr ln
[
D−1(1 +DΠ)
] − Tr ln [S−1(1 − SΣ)]− Tr(ΣS)}
≈ −I(∆) + 1
2
{
Tr lnD−1 − Tr lnS−1 +Tr[DΠ(D,S)]} . (13)
Hereafter we use the thermodynamial potential Ω to replae the eetive potential Γ, Ω = Ω0−Γ2PI , where the sum
of rst three terms in Eq. (13) are denoted as Ω0. Note that the expansion in terms of self-energies made in the last
line somehow leads to a partial loss of self-onsisteny, but it muh simplies the numerial alulation. One an also
make an expansion in terms of the ondensate ∆ near the ritial temperature where ∆ is small [54, 55℄.
IV. PSEUDOGAP AND RENORMALIZED BOSON MASS
In this setion we address the DS equations (11) for bosons and fermions. First we address the DS equation for
fermions. When obtaining S from elements of S−1, we will enounter a term (S−1)12[(S−1)22]−1(S−1)21 whih is
5Figure 2: Diagrams for the gap and pseudogap. The numbers 1 and 2 are the NG indies.
HaL HbL
1 12 2
HS-1L12 HS-1L21
1 2 2 1
DHjL
illustrated in Fig. 2(a). We will show that the orretion to the fermion self-energy due to utuations of di-fermion
bosons in Fig. 2(b) ontributes to the diagonal parts of the full inverse propagator S−1.
The ontribution from Fig. (2b) an be written as
Σ11(D,S) ≈
{
Tr[DijΓ̂iSΓ̂j]
}
11
= −16g2T
∑
n
∫
d3q
(2π)3
[DRR(Q) + iDIR(Q)] γ5S22(P +Q)γ5
= 16g2T
∑
n
∫
d3q
(2π)3
1
(p0 + µb)2 − E2p
γ0Λ
−e
p+q
1
p0 + q0 − µ− eEp+q (14)
where we have taken the bare propagator S and D in (5) as approximations to the full ones. Here i, j = R, I denote
the real and imaginary omponents, q0 is the bosoni Matsubara frequeny q0 = i2πnT . We also uses the equalities
DRR(Q) = DII(Q) and DIR(Q) = −DRI(Q), see App. (A). The energy projetor is dened by
Λep =
1
2
(
1 + e
γ0γ · p+ γ0m
Ep
)
,
where e = ±. The presene of Σ11/22 is equivalent to (S−1)11/22 gets a orretion, where S−1 is given by Eq. (5). We
an verify it by seeing
S11 =
[
(S−1)11 − (S−1)12((S−1)22)−1(S−1)21
]−1
=
[
(S−1)11 − Σ11 − (S−1)12((S−1)22 − Σ22)−1(S−1)21
]−1
≈ [(S−1)11 − Σ11 − (S−1)12((S−1)22)−1(S−1)21]−1 (15)
where Σ11 is assumed the value in Eq. (14). Note that in reahing the last line of the above equation we have
negleted Σ22 for larity sine it is sandwihed by (S
−1)12 and (S−1)21 and ompliates the alulation. We do not
inlude fermion self-energy ontribution to Σ11, ∼ γ0g2k0 ln M2k2
0
[32, 33℄ oming from long range gauge interation
suh as magneti photon or gluon exhanges, sine the gauge eld is absent in the urrent version of our model. We
an easily evaluate
− Σ11 − (S−1)12((S−1)22)−1(S−1)21 ≈ −16g2T
∑
n,e
∫
d3q
(2π)3
γ0Λ
−e
p
1
p0 + q0 − µ− eEp ×
1
(p0 + µb)2 − E2p
+
∑
e
∆2
p0 − µ− eEp γ0Λ
−e
p ≈
∑
e
∆2 +∆2pg
p0 − µ− eEp γ0Λ
−e
p , (16)
where we have assumed that q ≪ p so |p+ q| ≈ p. The so-alled pseudogap ∆pg an be dened [56, 57, 58, 59℄,
∆2pg = −16g2T
∑
n
∫
d3q
(2π)3
1
(p0 + µb)2 − (Ebp)2
= 16g2
∫
d3q
(2π)3
1 + fB(E
b
q − µb) + fB(Ebq + µb)
2Ebq
6∼ 16g2
∫
d3q
(2π)3
fB(E
b
q − µb) + fB(Ebq + µb)
2Ebq
, (17)
where in the last line we remove the divergent part 1/(2Ebq) oming from vauum. The boson energy is E
b
q =
√
q2 +m2b .
As lowest order ontribution, the role of the DS equation for fermions is approximately equivalent to adding a
pseudogap term ∆2pg to the ondensate square ∆
2
in the dispersion relation of quasi-partiles. A few remarks about
the pseudogap are in order. Here we dene the pseudogap as the orretion to fermion selfenergy from Fig. 2(b) at
the stati limit. Its eet looks like that the real gap square gets a orretion, but it is not a real gap. Atually it has
analytial struture from whih one an ompute the density of states from the difermion utuation [56, 57℄.
The renormalized boson mass an be determined by solving the pole equation of the full propagator at stati limit
with zero gap and pseudogap,
detD−1(p0, p)
∣∣
p=∆=∆pg=0
= det
[
D−1(p0, p)
∣∣
p=0
+ Π(p0, p)|p=∆=∆pg=0
]
= 0, (18)
where p0 is a real number with analyti extension. Note that the o-diagonal parts of the boson self-energy are
vanishing, ΠIR = ΠRI = 0. The analytial expressions for ΠRR and ΠII are given in App. (A). When setting ∆ = 0,
we have
Π0(p0) ≡ ΠRR(p0, p)|p=∆=0 = ΠII(p0, p)|p=∆=0 . (19)
Eq. (18) is then simplied as[
(p0 + µb)
2 −m2b −Π0(p0)
] [
(p0 − µb)2 −m2b −Π0(p0)
]
= 0. (20)
Let us fous on the following equation
(p0 + µb)
2 −m2b −Π0(p0) = 0. (21)
In general Eq. (21) an be understood as a omplex equation by analyti extension p0 → p0 − i η2 with the width η,
then we have
(p0 + µb)
2 − η
2
4
−m2b − ReΠ0(p0 − i
η
2
) = 0,
−(p0 + µb)η − ImΠ0(p0 − iη
2
) = 0. (22)
The renormalized mass for bosons an be dened by
m2br ≡ (p0 + µb)2 = m2b +ReΠ0(p0 − i
η
2
) (23)
with a small positive η. If the boson is stable, then η = 0 and the above beomes
m2br ≡ (p0 + µb)2 = m2b +Π0(p0). (24)
By setting η = 0, we an determine the dissoiation temperature T ∗ for bosons from the rst line of Eq. (22) with
p0 = 2m − µb = 2(m − µ) > 0. It is neessary to solve the DS equation in full onsisteny to get T ∗, whih is very
involved and we reserve it for a future study.
V. GAP AND DENSITY EQUATION
In this setion we disuss the gap and density equations whih are derived from the thermodynamial potential Ω
by taking its derivative with respet to the gap ∆ and hemial potential µ.
The gap equation reads,
∂Ω
∂∆
=
{
m2b − µ2b
4g2
−
∑
e=±
∫
d3k
(2π)3
tanh[ǫek/(2T )]
2ǫek
− ∂Γ2PI
∂(∆2)
}
2∆ = 0. (25)
Here the exitation energy for fermions is given by
ǫek =
√
(ξek)
2 +∆2, (26)
7with the fermion energy Ek =
√
k2 +m2 and ξek = Ek− eµ. The 2PI eetive potential Γ2PI is analytially evaluated
in App. (B). The density equation is obtained by taking derivative of the thermodynami potential with respet to
the fermion hemial potential,
n = −∂Ω
∂µ
=
2µ∆2
g2
+ 2
∑
e=±
∫
d3k
(2π)3
eξek
2ǫek
[fF (ǫ
e
k)− fF (−ǫek)]
+2
∑
e=±
∫
d3k
(2π)3
efB(E
b
k − eµb) +
∂Γ2PI
∂µ
(27)
We use an eetive Fermi momentum pF to parametrize n with the relation n = p
3
F/(3π
2). Throughout the paper
we x the value of the eetive momentum pF = 0.86. We an dene from the total fermion number density n the
density fration for fermions, ondensed and thermal bosons, and the 2PI part as
ρ0 ≡ 2µ∆
2
ng2
,
ρF ≡ 2
n
∑
e=±
∫
d3k
(2π)3
eξek
2ǫek
[fF (ǫ
e
k)− fF (−ǫek)] ,
ρB ≡ 2
n
∑
e=±
∫
d3k
(2π)3
efB(E
b
k − eµb),
ρΓ2 ≡
1
n
∂Γ2PI
∂µ
,
whih satises
ρ0 + ρF + ρB + ρΓ2 = 1
We an treat m2b as a rossover parameter and solve ∆, µ and ∆pg with the gap equation (25), the density equation
(27) and the pseudogap denition (17).
VI. NUMERICAL RESULTS
It is well known that utuations may hange the superonduting phase transition to be of rst-order, suh
as the intrinsi utuating magneti eld in normal superondutors [60℄, or the gauge eld utuations in olor
superondutors [54℄, due to the fat that utuations bring a ubi term of the ondensate to the eetive potential
making the Landau theroy of ontinuous phase transition invalid. In our ase the utuations of di-fermions in
superuids also leads to a rst-order phase transition. In grand anonial ensemble with hemial potential xed, as
shown in Fig. 3, the thermodynami potential Ω(∆) as a funtion of the ondensate ∆, has a metastable state if the
utuation ontribution is taken into aount. In the left penal with dereasing T , in the right penal with dereasing
mb, we see a sudden jump of the minimum of Ω(∆) from ∆ = 0 to a non-vanishing value of ∆, signaling a phase
transition from normal phase to a superuid one. The disontinuity in the order parameter marks the rst-order
phase transition.
We nd that there are three extrema in Ω(∆) near the transition point, whih means that there are at least three
solutions to the gap equation with xed hemial potential. So satisfying the gap equation is not suient for the
ground state whih orresponds to the global minimum of the thermodynami potential.
From the density equation (27), the disontinuity in the gap leads to that of the partile number density. This
situation annot happen in anonial ensemble with xed partile number. We have heked with the free energy
F = Ω+ µn as a funtion of the ondensate and found no metastable state. The free energy has only one extremum,
whih is the global minimum and hanges ontinuously at the transition point. The non-zero solution to the gap
equation orresponds to the superuid phase, the ground state of the system. The Thouless riterion an be employed
to determine the transition temperature. Although the order parameter hanges smoothly, the phase transition is
still a rst-order one. We an take the formation of BEC in a free bosoni gas as an example. Below the ritial
temperature, the hemial potential equals to the ground state energy (zero in non-relativisti or the boson mass
in relativisti system), so the entropy per partile s1 = − ∂µ∂T
∣∣∣
P
(T < Tc) = 0. Above the ritial temperature, the
hemial potential drops with a negative slope
∂µ
∂T
∣∣∣
P
(T > Tc) < 0 giving a non-zero entropy per partile s2. So
8Figure 3: The rst order phase transition due to the di-fermion utuations.
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there is a nonzero latent heat Tc(s2 − s1). The same phenomenon ours to our urrent ase with xed total partile
number.
Now we present the numerial results by solving the gap equation (25), the density equation (27) and the pseudogap
equation (17) with xed total partile number. From the solutions we an also determine the transition temperature
Tc at whih the ondensate ∆ turns to zero.
The results for the gap ∆, the fermion hemial potential µ, the pseudogap ∆pg and the density ρ as funtions of
the rossover parameter mb are shown in Fig. 4. The parameters are set to g = 1.8, T = 0.14 and m = 0.28. We
see that the BEC/BCS regions orrespond to the small/large end of mb. In the BEC region when mb is small, the
partile population is dominated by the BEC part ρ0 while the fermion part ρF is negligible, and there is no Fermi
surfae haraterized by the small fermion hemial potential µ. In the BCS region when mb is large, the system
is mainly fermioni manifested by a lear Fermi surfae and large fration of fermion population. We see that the
pseudogap ∆pg is small due to the small temperature hosen. The thermal density frations ρB and ρF inreases
with the growing hemial potential. The ontribution from the 2PI part ρΓ2 is large indiating the strong interation
between fermions and bosons. In the gure, there are breakpoints at mb ≈ 0.82 for all urves beause the system
enters the normal state, i.e. ∆ = 0, when mb is larger. In other words, the breakpoints at mb ≈ 0.82 indiates that
the transition temperature Tc equals to the temperature parameter T = 0.14. When mb . 0.82, the left area to the
break point, we have Tc ≥ T = 0.14.
In the left panel of Fig. 5, we present the results for Tc, µ (at T = Tc) and ∆pg (at T = Tc) as funtions of mb; in
the right panel we give the results for density frations ρB, ρF , and ρΓ2 all at T = Tc versus mb. The behavior of Tc
is similar to ∆, omparing Fig. 4 and Fig. 5. Although the shape of µ at T = Tc is like µ at T = 0.14 in Fig. 4, note
that the temperature at eah point of the urve of µ at T = Tc versus mb is dierent beause Tc itself is running with
mb. Comparing to the result for ∆pg in Fig. 4, the result at T = Tc is rather large espeially in the BEC region where
Tc is large. The population fration for thermal bosons ρB at Tc hanges into ρΓ2 and ρF with inreasing mb. ρB
intersets with ρΓ2 at mb ≈ 0.4 meaning a transition from a bosoni system to a strongly interating one. It intersets
with ρF at mb ≈ 0.9 meaning a transition to a fermioni interating system. The intersetion of ρΓ2 and ρF ours
at mb ≈ 1.5 indiating a transition from a fermioni interating system to a fermioni system.
The temperature behavior of all quantities in Fig. 4 and 5 are given in Fig. 6 with xed mb = 0.56 (in BEC
regime). It is easy to understand the urve of ∆ versus T : above a ritial temperature Tc the ondensate turns to
zero. There is a break point on the urve of µ at Tc, below whih µ inreases with inreasing T but above whih it
dereases. The pseudogap is a rising funtion of T . The density fration ρ0 is proportional to ∆
2
, so its shape is lose
to that of ∆. As T inreases more and more ondensed bosons turn to thermal bosons, fermions and interation part.
The thermal boson fration ρB always grows with T . The 2PI part ρΓ2 is also shown whose eet is large at high T .
Due to more sensitive response to inreasing temperature for bosons than fermions, the rising feature of ρB above Tc
an be easily understood. The dereasing of µb above Tc is due to partile number onservation.
VII. SUMMARY AND DISCUSSIONS
We investigate the utuation eets of di-fermion elds in the BCS-BEC rossover in a relativisti superuid
within the CJT formalism. We found in grand anonial ensemble the utuations lead to the normal-superuid
phase transition of rst order with metastable states. In anonial ensemble, the phase transition is a rst order one
9Figure 4: The gap ∆, the fermion hemial potential µ, the pseudogap ∆pg (the left panel) and density frations for BEC ρ0,
thermal bosons ρB, fermions ρF , and 2PI part ρΓ2 (the right panel) as funtions of mb with the xed oupling onstant g = 1.8,
the temperature T = 0.14 and the fermion mass m = 0.28.
0.3 0.4 0.5 0.6 0.7 0.8 0.9
mb
0.2
0.4
0.6
0.8
1.0
D
,
Μ
,
D
p
g
Dpg
Μ
D
0.3 0.4 0.5 0.6 0.7 0.8 0.9
mb
0.0
0.2
0.4
0.6
0.8
1.0
Ρ
Ρ0
ΡF
ΡB
ΡG2
Figure 5: Left panel: the transition temperature Tc, the fermion hemial potential µ at T = Tc, and the pseudogap ∆pg at
T = Tc versus mb. Right panel: density frations for thermal bosons ρB, fermions ρF , and the 2PI part ρΓ2 all at T = Tc
versus mb. The parameters are g = 1.8 and m = 0.28.
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too but without metastable states. The order parameter hanges smoothly near the transition point whih ensures
the validity of the gap equation and the Thouless riterion.
In this work, we use the bare boson mass squared mb as the rossover parameter. We nd that the system is in
the BCS/BEC regime for large/small mb. Comparing to the results in our previous work [49℄ with the rossover
parameter x = −m2br−µ2b4g2 where negative/positive x denes the BCS/BEC regime, we nd that these two parameters
are equivalent in desribing the rossover behavior. We an verify numerially that there is a one-to-one mapping
between mb and x. In this paper, we hoose mb as it is more simple. The gap equation is derived with xed mb
instead of x whih is regarded as a derivative parameter.
We see that the pseudo-gap ∆pg and the 2PI ontribution to partile density ρΓ2 vanish as the temperature goes
to zero. Therefore the results at low temperatures reprodue those in the mean eld approximation. This is beause
as the temperature goes to zero the interation between thermal bosons and fermions is swithed o whih results
in vanishing utuation ontributions. At nite temperature and in the middle of the rossover, ρΓ2 is dominant
indiating the strong oupling between bosons and fermions. In the BEC or BCS end the number density is dominated
by bosons or fermions respetively, during the rossover from BCS to BEC, the system undergoes a strongly interating
intermediate stage. This piture is a little dierent from that in the mean eld approah where bosons and fermions
are transformed to eah other diretly.
Sine the urrent model is a relativisti one, the anti-partiles should appear in some irumstanes. In the left
panel of Fig. 4, we see that µ = T = 0.14 at mb ≈ 0.5, whih means the thermal energy is omparable to the energy
needed for exiting a pair of fermion and anti-fermion. At the deep end of BEC region the fration of anti-partiles is
not negligible, whih is partially responsible for the large ondensate. In the left panel of Fig. 5, at mb ≈ 0.6 where
Tc = µ, the appearane of anti-partiles drives the ritial temperature and the pseudo-gap to be large. As expeted
the utuation eets grow with inreasing temperatures. The pseudo-gap is a monotonous inreasing funtion of the
10
Figure 6: Left panel: the ondensate ∆, the fermion hemial potential µ, and the pseudogap ∆pg versus T . Right panel:
density frations for ondensed and thermal bosons ρ0 and ρB, fermions ρF , and the 2PI part ρΓ2 versus T . The parameters
are set to g = 1.8 and m = 0.28 and mb = 0.56.
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temperature, whose magnitude is seeable at ritial temperature in the BEC regime.
In this work, we expressed the eetive potential in terms of bare propagators. The role of the DS equations are
taken by the pseudo-gap and the renormalized boson mass. There is another approah of using the full propagators to
onstrut the eetive potential, where the omplete form of the renormalization an be implemented. Another hard
but interesting problem to solve the DS equations with full self-onsisteny. All these problems deserve a detailed
study in the future.
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Appendix A: BOSON PROPAGATOR AND SELF-ENERGY
The bare propagator for bosons an be found from Eq. (5),
D = − 1
det(D−1)
(
PµP
µ + µ2b −m2b −2µbip0
2µbip0 PµP
µ + µ2b −m2b
)
, (A1)
where
det(D−1) = [(p0 + µb)2 − (Ebp)2][(p0 − µb)2 − (Ebp)2] = [p20 − (µ− Ebp)2][p20 − (µ+ Ebp)2]. (A2)
We see that DRR(Q) = DII(Q) and DIR(Q) = −DRI(Q).
The boson self-energy matrix
Πij(S,D) ≈ 1
2
Tr[Γ̂iSΓ̂jS] (A3)
are evaluated as
ΠRR ≈ 1
2
Tr[Γ̂RSΓ̂RS] = −8g2 [Tr(γ5S11γ5S22) + Tr(γ5S21γ5S21)] ,
ΠII ≈ 1
2
Tr[Γ̂ISΓ̂IS] = −8g2 [Tr(γ5S11γ5S22)− Tr(γ5S21γ5S21)] ,
ΠRI = ΠIR = 0, (A4)
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where
Tr[γ5S11γ5S22] = −T
∑
n
∫
q
p0 − µ+ eEp
p20 − (µ− eEp)2 −∆2
× p0 + q0 + µ+ e
′Ep+q
(p0 + q0)2 − (µ+ e′Ep+q)2 −∆2Tr[Λ
e
pΛ
−e′
p+q],
Tr[γ5S21γ5S21] = Tr[γ5S12γ5S12]
= −T
∑
n
∫
q
1
q20 − (µ− eEq)2 −∆2
× 1
(p0 + q0)2 − (µ− e′Ep+q)2 −∆2∆
2Tr[Λ−eq Λ
−e′
p+q]. (A5)
The results for Π(p0, p) are
ΠRR(p0, p) = Π0 +Π1
ΠII(p0, p) = Π0 −Π1
where
Π0(p0, p) = −8g2
∑
e,e′,e1,e′1
∫
d3q
(2π)3
Tr[ΛeqΛ
e′
p+q]
exp
[
β(−p0 + e′1ǫe
′
p+q − e1ǫeq)
]
− 1
−p0 + e′1ǫe′p+q − e1ǫeq
×fF (−e1ǫeq)fF (e′1ǫe
′
p+q)
(ǫe
′
p+q − e′1µ+ e′e′1Ep+q)(ǫeq + e1µ− ee1Eq)
4ǫe
′
p+qǫ
e
q
Π1(p0, p) = −8g2∆2
∑
e,e′,e1,e′1
e1e
′
1
∫
d3q
(2π)3
Tr[ΛeqΛ
e′
p+q]
exp
[
β(−p0 + e′1ǫe
′
p+q − e1ǫeq)
]
− 1
−p0 + e′1ǫe′p+q − e1ǫeq
×fF (−e1ǫeq)fF (e′1ǫe
′
p+q)
1
4ǫe
′
p+qǫ
e
q
(A6)
where the quasi-partile energy for fermions is given by Eq. (26). Note that in renormalized quantities/onstants and
the eetive potential Γ2PI the full fermion propagators are used, whih amounts to taking the pseudogap ontribution
into aount, thus we have
ǫek →
√
(ξek)
2 +∆2 +∆2pg. (A7)
In this and the next appendix, we always imply the above replaement.
Appendix B: 2PI EFFECTIVE POTENTIAL
In this appendix we give the 2PI eetive potential Γ2PI using the boson self-energy in Eq. (A4) as follows,
Γ2PI = −1
2
Tr(DRRΠRR)− 1
2
Tr(DIIΠII) = −Tr(DRRΠ0)
= −T
∑
n
∫
d3p
(2π)3
∫ β
0
dτ ′DRR(τ ′, p)ep0τ
′
∫ β
0
dτΠ0(τ, p)e
p0τ
= −
∫
d3p
(2π)3
∫ β
0
dτDRR(β − τ, p)Π0(τ, p)
= 4g2
∫
d3p
(2π)3
∫
d3q
(2π)3
∑
e,e′,e1,e′1,e2,e3
Tr[ΛeqΛ
e′
p+q]
exp[β(e3µb + e2E
b
p + e
′
1ǫ
e′
p+q − e1ǫeq)]− 1
e3µb + e2Ebp + e
′
1ǫ
e′
p+q − e1ǫeq
×fB(e3µb + e2Ebp)fF (−e1ǫeq)fF (e′1ǫe
′
p+q)
e2
2Ebp
· ǫ
e′
p+q − e′1µ+ e′e′1Ep+q
2ǫe
′
p+q
· ǫ
e
q + e1µ− ee1Eq
2ǫeq
, (B1)
where we have used
Π0(τ, p) = T
∑
n
Π0(p0, p)e
−p0τ
12
= −8g2
∑
e,e′,e1,e′1
∫
d3q
(2π)3
Tr[ΛeqΛ
e′
p+q]e
(e′1ǫ
e′
p+q−e1ǫeq)(β−τ)
×fF (−e1ǫeq)fF (e′1ǫe
′
p+q)
ǫe
′
p+q − e′1µ+ e′e′1Ep+q
2ǫe
′
p+q
· ǫ
e
q + e1µ− ee1Eq
2ǫeq
, (B2)
and
DRR(τ, p) =
∑
e2,e3
e2
4Ebp
fB(e3µb + e2E
b
p)e
(e3µb+e2E
b
p)τ . (B3)
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